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We have recently shown that both passive and active gravitational masses of a composite body are
not equivalent to its energy due to some quantum effects. We have also suggested an idealized and
more realistic experiments to detect the above mentioned inequivalence for a passive gravitational
mass. The suggested idealized effect is as follows. A spacecraft moves protons of a macroscopic
ensemble of hydrogen atoms with constant velocity in the Earth’s gravitational field. Due to non-
homogeneous squeezing of space by the field, electron ground state wave function experiences time-
dependent perturbation in each hydrogen atom. This perturbation results in the appearance of a
finite probability for an electron to be excited at higher energy levels and to emit a photon. The
experimental task is to detect such photons from the ensemble of the atoms. More realistic variants
of such experiment can be realized in solid crystals and nuclei, as first mentioned by us. In his recent
Comment on our paper, Crowell has argued that the effect, suggested by us, contradicts the existing
experiments and, in particular, astronomic data. We show here that this conclusion is incorrect and
based on the so-called ”free fall” experiments, where our effect does not have to be observed.
PACS numbers:
I. INTRODUCTION
Creation of the so-called Theory of Everything is well
known to be one of the most important problems in
physics. It is also known that development of the Quan-
tum Gravitation theory is one of the most important
steps in this direction. Nevertheless, the latter problem
appears to be extremely difficult. One of the reasons for
that is the fact that the foundations of General Relativ-
ity and Quantum Mechanics are very different. Another
reason is the absence of the corresponding experimental
data. We recall that, so far, quantum effects have been
directly tested only in the Newtonian variant of gravi-
tation (see, for example, Refs. [1,2]). In this complex
situation, we have recently suggested two novel phenom-
ena [3-9]. In particular, we have demonstrated that both
passive and active gravitational masses of a composite
body are not equivalent to its energy due to some quan-
tum effects. We have also suggested two experimental
ways [3-9] to test the above mentioned phenomena. If
one of such experiments is done, it will be the first direct
observation of quantum effects in General Relativity.
II. GOAL
Very recently, Crowell has published a Comment [10]
on our paper [5], which criticizes one of the suggested by
us experiments, which can demonstrate inequivalence of
passive gravitational mass of a composite quantum body
and its energy. The idealized variant of the experiment
is as follows. There is a macroscopic ensemble of hy-
drogen atoms with each of them being in ground state
at t = 0. Protons of all atoms are dragged by a space-
craft with constant velocity in the Earth’s gravitational
field. Due to non-homogeneous squeezing of space by the
gravitational field, the atoms are shown [3-7,9] become
excited and emit photons. As mentioned in Ref.[3], the
above described phenomenon is very general and have to
be observed in solids, nuclei, and elementary particles.
The main criticism of the experiment [3-7,9] in Comment
[10] is the statement that the application of our theory
to experiments on proton decay is not consistent with
the existing experimental data. The goal of our Reply is
three-fold. First, we pay attention that the discussed in
Ref. [10] existing experimental data are obtained for free
falling objects. On the other hand, the idealized experi-
ment, suggested by us [3-7,9], corresponds to transporta-
tion of centers of masses of the hydrogen atoms (i.e., pro-
tons) by spacecraft with a constant velocity. We stress
that these are two different types of experiments. Second,
to strengthen our arguments, we derive the Hamiltonian
for the transportation of a hydrogen atom with constant
velocity, semi-quantitatively introduced in Refs. [3-7,9],
from the Dirac equation in a curved spacetime of Gen-
eral Relativity. Third, we discuss ”free fall” experiments
for a hydrogen atom and make the conclusion that the
effect, suggested by us for passive gravitational mass [3-
7,9], does not have to be observed under such conditions.
Thus, proton decay does not have to demonstrate our
effect in ”free fall” experiments too. So, we make a con-
clusion that, contrary to the statement of Comment [10],
the existing experiments on proton decay do not contra-
dict to our theoretical results.
III. SEMI-QUANTITATIVE HAMILTONIAN
First, let us derive the Hamiltonian of Refs.[3-7,9] for
a hydrogen atom in the Earth’s gravitational field, using
2semi-quantitative approach. Below, we consider the case
of a weak gravitational field, therefore, we can write the
standard interval, describing spacetime in a weak field
approximation [11]:
ds2 = −
(
1 + 2 φ
c2
)
(cdt)2 +
(
1− 2 φ
c2
)
(dx2 + dy2 + dz2),
φ = −GM
R
. (1)
[Here G is the gravitational constant, c is the velocity of
light,M is the Earth mass, and R is the distance between
its center and proton.] In accordance with General Rela-
tivity, we introduce the so-called local proper spacetime
coordinates,
x′ =
(
1− φ
c2
)
x, y′ =
(
1− φ
c2
)
y,
z′ =
(
1− φ
c2
)
z, t′ =
(
1 + φ
c2
)
t, (2)
where space coordinates do not depend on time and
where the interval (1) has the Minkowski form.
In these local spacetime coordinates, we can approxi-
mately write the Schro¨dinger equation for electron in the
atom in the standard form,
i~
∂Ψ(r′, t′)
∂t′
= Hˆ0(pˆ′, r
′) Ψ(r′, t′), (3)
Hˆ0(pˆ′, r
′) = mec
2 −
pˆ′
2
2me
−
e2
r′
, (4)
where proton is supposed to have a fixed position due to
action of some non-gravitational force on it. [Here pˆ′ =
−i~∂/∂r′; me and e are electron mass and charge, respec-
tively.] Let us discuss the approximation (1)-(4). First, in
Eqs.(1),(2), we take into account only terms of the order
of |φ|/c2, which can be estimated as 10−9 near the Earth.
Second, in Eqs.(3),(4), we disregard the so-called tidal
effects. This means that we do not differentiate gravita-
tional potential, φ, with respect to electron coordinates,
r and r′. In the next section, we estimate the tidal terms
in the Hamiltonian, which, as will be shown, are of the
order of (rB/R0)|φ/c
2|(e2/rB) ∼ 10
−17|φ/c2|(e2/rB) in
the Earth’s gravitational field. [Here rB is a hydrogen
atom typical ”size” (i.e., the Bohr’s radius), R0 is the
Earth’s radius.] Third, we consider proton as a classi-
cal particle with mass mp ≫ me, whose position is fixed
and kinetic energy is negligible. As usual, we treat the
weak gravitation (1),(2), as a perturbation in the iner-
tial coordinate system, corresponding to the coordinates
(x, y, z, t) in Eq.(2). By substituting of these coordinates
in the Hamiltonian (3),(4), it is easy to obtain the fol-
lowing effective electron Hamiltonian:
Hˆ(pˆ, r) = mec
2 +
pˆ2
2me
−
e2
r
+meφ+
(
3
pˆ2
2me
− 2
e2
r
)
φ
c2
(5)
and to rewrite it in more convenient form:
Hˆ(pˆ, r) = mec
2 +
pˆ2
2me
−
e2
r
+ mˆg(pˆ, r)φ . (6)
We point out that, in Eq.(6), we introduce the following
expression for electron passive gravitational mass opera-
tor:
mˆg(pˆ, r) = me+
(
pˆ2
2me
−
e2
r
)
1
c2
+
(
2
pˆ2
2me
−
e2
r
)
1
c2
, (7)
which is equal to electron weight operator in the weak
gravitational field (1). Note that, in Eq.(7), the first
term is the bare electron mass, me, the second term cor-
responds to the expected electron energy contribution to
the mass operator, whereas the third term is the non-
trivial virial contribution to the gravitational mass oper-
ator. We recall that the Hamiltonian (6),(7) is derived
for the case, where a hydrogen atom center of mass (i.e.,
proton) has a fixed position with respect to the Earth.
In other words, it is supported in the gravitational field
(1) by some non-gravitational force. Now, suppose that
the proton is dragged with small and constant (with re-
spect to the Earth) velocity, u ≪ αc, by a spacecraft,
where α is the fine structure constant and αc is a char-
acteristic value of electron velocity in a hydrogen atom.
In this case, we can use adiabatic approximation [3-7,9],
which results in the following perturbation for the elec-
tron Schro¨dinger equation:
Vˆ (pˆ, r, R, t) = +
(
2
pˆ2
2me
−
e2
r
)
φ(R + ut)
c2
. (8)
Note that we are interested in electron excitations, there-
fore, in the electron Hamiltonian (8), we keep only the
virial term, which does not commute with the Hamilto-
nian, taken in the absence of gravitational field. Since
the Hamiltonian (8) is time dependent it cause to the
appearance of electron excitations and, thus, to the ap-
pearance of photon emission from a macroscopic ensem-
ble of the atoms. It is important that the Hamiltonians
(6)-(8) are not valid for the free falling atoms, where we
have to introduce the so-called normal Fermi coordinates
[13,14]. As a result free falling atoms ”feel” only second
derivatives of the gravitational potential [13,14].
IV. THE MOST GENERAL HAMILTONIAN
To strengthen our arguments, in this section, we derive
our Hamiltonian (6),(7) from the more general Hamil-
tonian of Ref.[12]. It is obtained from Dirac equation
in curved spacetime of General Relativity. In Ref.[12],
completely different physical effect - the mixing effect be-
tween even and odd wave functions in a hydrogen atom
(i.e., the so-called relativistic Stark effect) - is studied.
It is important that it is studied not for the free falling
3atoms but for the atom, whose center of mass is sup-
ported by non-gravitational force in the weak gravita-
tional field (1). Note that the corresponding Hamilto-
nian is derived in 1/c2 approximation, as in our case.
The peculiarity of the calculations of Ref.[12] is that not
only terms of the order of φ/c2 are calculated, as in our
case, but also terms of the order of φ′/c2, where φ′ is a
symbolic derivative of φ with respect to relative electron
coordinates in the atom. Note that, in accordance with
the existing tradition, we call the latter terms tidal ones.
Obtained in Ref.[12] the Hamiltonian (3.24) for the cor-
responding Schro¨dinger equation can be expressed as a
sum of the following four terms:
Hˆ(Pˆ, pˆ, R˜, r) = Hˆ0 + Hˆ1 + Hˆ2 + Hˆ3 , (9)
where
Hˆ0 = mec
2 +mpc
2 +
[
Pˆ2
2(me +mp)
+
pˆ2
2µ
]
−
e2
r
, (10)
Hˆ1 =
{
mec
2 +mpc
2 +
[
3 Pˆ
2
2(me+mp)
+ 3 pˆ
2
2µ − 2
e2
r
]}
×
(
φ−gR˜
c2
)
, (11)
Hˆ2 =
1
c2
(
1
me
− 1
mp
)
[−(gr)pˆ2 + i~gpˆ]
+ 1
c2
g
(
sˆe
me
−
sˆp
mp
)
×pˆ+
e2(mp−me)
2(me+mp)c2
gr
r
, (12)
Hˆ3 =
3
2
i~gP
(me+mp)c2
+ 32
g(se+sp)×P
(me+mp)c2
− (gr)(Pp)+(Pr)(gp)−i~gP(me+mp)c2 , (13)
[Here, g = −GM
R3
R]. Let us describe notations in
Eqs.(9)-(13). Note that R˜ and P are position and mo-
mentum of a center of mass of the atom, correspondingly.
On the other hand, r and p are relative electron position
and momentum in the center of mass coordinate system;
µ = memp/(me +mp) is the reduced electron mass. As
seen from Eq.(10), Hˆ0(Pˆ, pˆ, r) corresponds to the Hamil-
tonian of a hydrogen atom in the absence of the exter-
nal field. We point out that Hˆ1(Pˆ, pˆ, R˜, r) corresponds
to couplings of the bare electron and proton masses as
well as electron kinetic and potential energies with the
gravitational field (1). The Hamiltonians Hˆ2(pˆ, r) and
Hˆ3(Pˆ, pˆ, R˜, r) describe the tidal effects.
Note that, in the previous section, we have semi-
quantitatively derived the Hamiltonian (6),(7). Below,
we strictly derive it from the more general Hamilto-
nian (9)-(13). First, we use the approximation, where
mp/me ≫ 1, and, thus, we have µ = me. This al-
lows us to consider proton as a heavy classical parti-
cle. We can fix its position, R˜ = const, in coordinate
system, corresponding to the source of the gravitational
field (1), by putting P = 0 in the Hamiltonian (9)-(13).
Therefore, we can disregard center of mass momentum
and center of mass kinetic energy. Moreover, as seen
from Eq.(13), Hˆ3(Pˆ, pˆ, R˜, r) = 0 in this case. Moreover,
let us estimate the first tidal term (12) in the Hamilto-
nian. We recall that |g| ≃ |φ|/R0. It is important that,
|r| ∼ ~/|p| ∼ rB and p
2/(2me) ∼ e
2/rB in a hydrogen
atom. These allow us to evaluate the Hamiltonian (12)
as H2 ∼ (rB/R0)(φ/c
2)(e2/rB) ∼ 10
−17(φ/c2)(e2/rB),
which is 10−17 smaller than H1 ∼ (φ/c
2)(e2/rB). There-
fore, we can also disregard the first tidal term (12) in the
total Hamiltonian (9)-(13). As a result, the Hamiltonian
(9)-(13) can be rewritten in a familiar way:
Hˆ(pˆ, r) = Hˆ0(pˆ, r) + Hˆ1(pˆ, r) (14)
Hˆ0(pˆ, r) = mec
2 +
pˆ2
2me
−
e2
r
, (15)
Hˆ1(pˆ, r) =
{
mec
2 +
[
3
pˆ2
2me
− 2
e2
r
]}(
φ
c2
)
, (16)
where we place the proton at the point R˜ = R. Thus,
we can make a conclusion that the Hamiltonian (14)-
(16), derived in this section, exactly coincides with the
Hamiltonian, semi-quantitatively derived by us earlier [3-
7,9] [see Eqs.(6),(7)].
V. WHAT IS RIGHT AND WHAT IS WRONG?
As earlier as in Ref.[3], we concluded that the suggested
by us effect was very general. In particular, we proposed
[3] to use it not only in atomic physics, but also in con-
densed matter physics [3,9], nuclear physics [3,10], and
elementary particle physics [3,10]. Here, we recall the
physical meaning of the effect. Some quantum macro-
scopic system is placed in spacecraft and dragged with
small constant velocity in an external weak gravitational
field. In this case, due to nonhomogeneous squeezing of
space by the field, there appear some quantum excita-
tions in the system, which result in emission of photons
[3-7], phonons [9], pions [10] or some other particles. The
experimental task is to detect these particles. We pay at-
tention that, in all our previous works [3-7,9] as well as
in the previous sections of the current paper, we consider
the case, where center of mass of a composite quantum
system is dragged by spacecraft. It is important that it
is dragged by means of non-gravitational forces with con-
stant velocity with respect to source of gravity. We claim
that the extension of our effect to free falling bodies, per-
formed in the Comment [10], is not legitimate. It is clear
seen from papers [13,14], where examples of a free falling
hydrogen atom is considered and the Fermi normal co-
ordinates are used. As stressed in Refs.[13,14], the free
falling atoms ”feel” only second derivative of the metric
4(1) and, thus, cannot exhibit our effect. This is also true
for nuclear versions of free falling experiment, considered
in the Comment [10]. To summarize our effect does not
have to be observed in ”free fall” experiments, discussed
in [10]. Therefore, the central statement of Comment
[10], that considered there nucleus experiments contra-
dict to our effect [3-7,9], is incorrect.
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